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PROOF OF A q-SUPERCONGRUENCE CONJECTURED BY GUO
AND SCHLOSSER
LONG LI AND SU-DAN WANG∗
Abstract. In this paper, we confirm the following conjecture of Guo and Schlosser: for
any odd integer n > 1 and M = (n+ 1)/2 or n− 1,
M∑
k=0
[4k − 1]q2 [4k − 1]
2
(q−2; q4)4k
(q4; q4)4k
q4k ≡ (2q + 2q−1 − 1)[n]4q2 (mod [n]
4
q2Φn(q
2)),
where [n] = [n]q = (1 − q
n)/(1 − q), (a; q)0 = 1, (a; q)k = (1 − a)(1 − aq) · · · (1 − aq
k−1)
for k ≥ 1 and Φn(q) denotes the n-th cyclotomic polynomial.
1. Introduction
In 1997, Van Hamme [17] observed that 13 supercongruences on truncated forms of Ra-
manujan’s and Ramanujan-like formulas for 1/pi. In particular, the following supercon-
gruence of Van Hamme [17, (B.2)],
(p−1)/2∑
k=0
4k + 1
(−64)k
(
2k
k
)3
≡ p(−1)
p−1
2 (mod p3)
was first proved by Mortenson [14] using a 6F5 transformation and a technical evaluation
of a quotient of Gamma functions, where p is an odd prime. Recently, q-analogues of
congruences and supercongruences have caught the interests of many authors (see, for
example, [1, 3–6, 8–12, 15, 16, 18, 19]). In [2, Conjecture 4.3], Guo conjectured: for any
prime p > 3 and positive integer r,
(pr−1)/2∑
k=0
(4k + 1)3
256k
(
2k
k
)4
≡ −pr (mod pr+3), (1.1)
pr−1∑
k=0
(4k + 1)3
256k
(
2k
k
)4
≡ −pr (mod pr+3). (1.2)
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Later, Guo [4, Theorem 1.1] proved (1.1) and (1.2) by establishing the following complete
q-analogues of them: for odd integer n > 1, modulo [n]q2Φn(q
2)3,
(n−1)/2∑
k=0
[4k + 1]q2[4k + 1]
2 (q
2; q4)4k
(q4; q4)4k
q−4k ≡ −[n]q2
2q2−n
1 + q2
− [n]3q2
(n2 − 1)(1− q2)2q2−n
12(1 + q2)
,
n−1∑
k=0
[4k + 1]q2[4k + 1]
2 (q
2; q4)4k
(q4; q4)4k
q−4k ≡ −[n]q2
2q2−n
1 + q2
− [n]3q2
(n2 − 1)(1− q2)2q2−n
12(1 + q2)
.
Here and throughout the paper, (a; q) = (1−a)(1−aq) · · · (1−aqn−1) denotes the q-shifted
factorial, [n] = [n]q = 1 + q + · · · + q
n−1 stands for the q-integer, and Φn(q) is the n-th
cyclotomic polynomial in q, i.e.,
Φn(q) =
n∏
1≤k≤n
gcd(n,k)=1
(q − ζk)
with ζ being an n-th primitive root of unity.
Guo [4, Theorem 1.2] also proved that, for any odd integer n > 1,
(n+1)/2∑
k=0
[4k − 1]q2[4k − 1]
2 (q
−2; q4)4k
(q4; q4)4k
q4k ≡ 0 (mod [n]q2Φn(q
2)3), (1.3)
n−1∑
k=0
[4k − 1]q2[4k − 1]
2 (q
−2; q4)4k
(q4; q4)4k
q4k ≡ 0 (mod [n]q2Φn(q
2)3), (1.4)
thus confirming the m = 3 case [7, Conjecture 5.2].
The aim of this paper is to prove the following refinements of (1.3) and (1.4), which
were originally conjectured by Guo and Schlosser [8, Conjecture 3] (The modulus [n]4q2
case was first formulated by Guo [4, Conjecture 6.3]).
Theorem 1.1. Let n > 1 be an odd integer. Then
(n+1)/2∑
k=0
[4k − 1]q2[4k − 1]
2 (q
−2; q4)4k
(q4; q4)4k
q4k ≡ (2q + 2q−1 − 1)[n]4q2 (mod [n]
4
q2Φn(q
2)), (1.5)
n−1∑
k=0
[4k − 1]q2[4k − 1]
2 (q
−2; q4)4k
(q4; q4)4k
q4k ≡ (2q + 2q−1 − 1)[n]4q2 (mod [n]
4
q2Φn(q
2)). (1.6)
Let n = pr be an odd prime power, and take q → 1 in (1.5) and (1.6). Noticing that
lim
q→1
(q−2, q4)k
(q4; q4)k
=
−1
4k(2k − 1)
(
2k
k
)
,
we immediately obtain the following conclusion, which was observed by Guo [3, Conjecture
6.4].
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Corollary 1.2. Let p be an odd prime and r a positive integer. Then
(pr+1)/2∑
k=0
(4k − 1)3
256k(2k − 1)4
(
2k
k
)4
≡ 3p4r (mod p4r+1),
pr−1∑
k=0
(4k − 1)3
256k(2k − 1)4
(
2k
k
)4
≡ 3p4r (mod p4r+1).
The remainder of this paper is organized as follows. In the next section, we show the
proof of Theorem 1.1. Section 3 contains a parameter-generalization of Theorem 2.1 and
a proof of [4, Theorem 4.3] modulo [n]2q2(1− aq
2n)(a− q2n).
2. Proof of Theorem 1.1
We first prove the following identity, which plays an important role in our proof of
Theorem 1.1.
Theorem 2.1. Let n be a positive integer. Then
n−1∑
k=0
[4k − 1]q2 [4k − 1]
2 (q
−2; q4)4k
(q4; q4)4k
q4k
= (q2n + 1)4[n]4q2
(q−2; q4)4n
(q4; q4)4n
(
2 ·
q5 + q4n+1(q4n−2 − q2 − 1)
(q2 − 1)2
− q4n
)
.
(2.1)
Note that (2.1) could be regarded as a q-analogue of the following identity:
n−1∑
k=0
(4k − 1)3
256k(2k − 1)4
(
2k
k
)4
=
16n4(8n2 − 12n+ 3)
(
2n
n
)4
256n(2n− 1)4
.
Proof. For convenience, let
S(n) =
n−1∑
k=0
[4k − 1]q2[4k − 1]
2 (q
−2; q4)4k
(q4; q4)4k
q4k,
and
T (n) = (q2n + 1)4[n]4q2
(q−2; q4)4n
(q4; q4)4n
fn(q),
where
fn(q) = 2 ·
q5 + q4n+1(q4n−2 − q2 − 1)
(q2 − 1)2
− q4n.
We proceed by induction on n. For n = 1, it is clear that
S(1) = −
1
q4
= T (1).
4 LONG LI AND SU-DAN WANG
∗
Suppose that the statement is true for n. We now consider the n + 1 case. Using the
induction hypothesis, we have
S(n+ 1) = S(n) + [4n− 1]q2[4n− 1]
2
·
(q−2; q4)4n
(q4; q4)4n
q4n
=
(q−2; q4)4n
(q4; q4)4n
(
[2n]4q2fn(q) + [4n− 1]q2[4n− 1]
2q4n
)
=
(q−2; q4)4n+1(1− q
4n+4)4
(q4; q4)4n+1(1− q
4n−2)4
(
[2n]4q2fn(q) + [4n− 1]q2[4n− 1]
2q4n
)
= (1 + q2n+2)4[n + 1]4q2
(q−2; q4)4n+1
(q4; q4)4n+1(1− q
4n−2)4
×
(
(1− q4n)4fn(q) + (1− q
2(4n−1))(1− q4n−1)2(1− q)(1 + q)3q4n
)
= T (n+ 1),
where the last equality holds because of the following relation
(1− q4n)4fn(q) + (1− q
2(4n−1))(1− q4n−1)2(1− q)(1 + q)3q4n
= (1− q4n−2)4fn+1(q).
This completes the proof of Theorem 2.1. 
We are now able to prove Theorem 1.1.
Proof of (1.5). Replacing n by (n+ 3)/2 in (2.1), we obtain
(n+1)/2∑
k=0
[4k − 1]q2 [4k − 1]
2 (q
−2; q4)4k
(q4; q4)4k
q4k = (qn+3 + 1)4
(1− qn+3)4(q−2; q4)4(n+3)/2
(1− q2)4(q4; q4)4(n+3)/2
fn+3
2
(q)
= [n]4q2
(q−2; q4)4(n+1)/2
(q4; q4)4(n+1)/2
fn+3
2
(q). (2.2)
In light of [4, (4.2)], we have
(q−2; q4)(n+1)/2
(q4; q4)(n+1)/2
≡ (−1)(n+1)/2q(n−1)
2/2−2 (mod Φn(q
2)),
and so the right-hand side of (2.2) is congruent to
[n]4q2q
2(n−1)2−8
· q5(2q2 − q + 2) ≡ [n]4q2(2q + 2q
−1
− 1)
modulo [n]4q2Φ(q
2). This completes the proof. 
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Proof of (1.6). It is easy to see that
(q; q2)n
(q2; q2)n
=
1
(−q; q)2n
[
2n
n
]
,
where the q-binomial coefficients
[
n
k
]
are defined by
[
n
k
]
=
[
n
k
]
q
=


(q; q)n
(q; q)k(q; q)n−k
if 0 ≤ k ≤ n,
0 otherwise.
So the identity (2.1) may be restated as
n−1∑
k=0
[4k − 1]q2[4k − 1]
2 (q
−2; q4)4k
(q4; q4)4k
q4k
=
(q2n + 1)4[n]4q2(q
2 − 1)4
(q2 − q4n)4(−q2; q2)8n
[
2n
n
]4
q2
(
2 ·
q5 + q4n+1(q4n−2 − q2 − 1)
(q2 − 1)2
− q4n
)
. (2.3)
Since qn ≡ 1 (mod Φn(q)), by [9, Lemma 3.1] we have[
2n
n
]
q2
= (1 + q2n)
[
2n− 1
n− 1
]
q2
≡ 2(−1)n−1qn(n−1) ≡ 2 (mod Φn(q
2)) (2.4)
for odd n > 1. In view of [9, Lemma 3.2], the following q-congruence holds:
(−q2; q2)n = (1 + q
2n)(−q2; q2)n−1 ≡ 2 (mod Φn(q
2)). (2.5)
Applying (2.4) and (2.5), we see that the right-hand side of (2.3) is congruent to
[n]4q2
(
2 ·
q5 + q(q−2 − q2 − 1)
(q2 − 1)2
− 1
)
= [n]4q2(2q + 2q
−1
− 1)
modulo [n]4q2Φ(q
2). This completes the proof. 
3. A further generalization of Theorem 2.1
By induction on n, we can also prove the following parameter generalization of (2.1).
Theorem 3.1. Let n > 1 be an integer. Then
n−1∑
k=0
[4k − 1]q2 [4k − 1]
2 (q
−2; q4)2k(q
−2/a; q4)k(aq
−2; q4)k
(q4; q4)2k(q
4/a; q4)k(aq4; q4)k
q4k
= q(q2n + 1)2[n]2q2
[
2n
n
]2
q2
(1− q−2)2(q6/a; q4)n−2(aq
6; q4)n−2fn(a, q)
(1− q4n−2)2(−q2; q2)4n(aq
4; q4)n−1(q4/a; q4)n−1
, (3.1)
6 LONG LI AND SU-DAN WANG
∗
where
fn(a, q) = 2 + 2
4n−6∑
i=1
i(qi + q8n−6−i)−
(a2 + 1)(q8n−5 − 2q4n−1 + 2q4n−2 − 2q4n−3 + q)
a(q − 1)2
+ (8n− 10)q4n−4(1 + q2) + (8n− 11)q4n−5(1 + q4) + (8n− 8)q4n−3 + 2q8n−6.
We end this paper with the following generalization of [4, Theorem 4.3].
Theorem 3.2. Let n > 1 be an odd integer and a an indeterminate. Then, modulo
[n]2q2(1− aq
2n)(a− q2n),
M∑
k=0
[4k − 1]q2 [4k − 1]
2 (q
−2; q4)2k(q
−2/a; q4)k(aq
−2; q4)k
(q4; q4)2k(q
4/a; q4)k(aq4; q4)k
q4k ≡ 0, (3.2)
where M = (n + 1)/2 or n− 1.
Proof. Let n 7→ (n+ 3)/2 in (3.1), and notice the following realtion
1
(1− q2n+4)2
[
n+ 3
2
]2
q2
[
n+ 3
n+3
2
]2
q2
= [n]2q2
[
n− 1
n−1
2
]2
q2
(1 + qn+3)2
(1 + qn+1)2
(1− qn+1)2
.
Since
gcd(1− qn, 1 + qm) = 1 and gcd([n], [2n− 1]) = 1
for all positive integers m and n with n odd, we conclude that the q-congruence (3.2)
holds for M = n− 1 and (n + 1)/2.

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